For a square-free integer N , we present a procedure to compute Q-curves parametrized by rational points of the modular curve X * 0 (N ) when this is hyperelliptic.
Introduction
Let X be a curve defined over Q. The curve X is said to be a Q-curve if it is isogenous to all Galois conjugates. In [Elk04] , Elkies proved that every Q-curve without complex multilication (CM) is isogenous over Q to a Q-curve attached to a rational point of the modular curve X * 0 (N) = X 0 (N)/B(N) for some square-free integer N, where B(N) denotes the group of the Atkin-Lehner involutions of X 0 (N). Every rational non-cuspidal point in X * 0 (N) lifts to X 0 (N) providing Q-curves, with or without CM, defined over abelian extensions of Q of type (2, · · · , 2).
In [GL98] , it is given a procedure to parametrize the j-invariants of these Q-curves when the genus g * N of X * 0 (N) is at most 1. In these cases, the set X * 0 (N)(Q) is infinite. Basically, in this paper it is given a method to determine the symmetric functions of the set {j(d z) : 1 ≤ d|N}, where j(z) denotes the usual generator of Q(X 0 (1)), from a suitable generators of Q(X * 0 (N)). Here, we present a similar procedure for the case that X * 0 (N) is hiperelliptic, that amounts to saying g * N = 2. In fact, there are exactly 36 values of N for which g * N = 2. By Faltings, for such a value of N, we are dealing with a finite number of cases. Firstly, we consider the rational points provided by Magma. Although the rank of Jac(X * 0 (N)) is equal to 2 and the classical Chabauty method does not work, we can determine the full set X * 0 (N)(Q) for 19 values of N by using a Chabauty procedure on a finite set of unramified 2-coverings of the curve.
The article is organized as follows. In Proposition 1 of §2, we present the main tool to parametrize Q-curves from rational non-cuspidal points of X * 0 (N). In §3, we give a list of equations of X * 0 (N) when g * N = 2 together their rational points provided by Magma and, in Proposition 2, we determine all rational points for 19 values of N. In §4, we show how the j-invariants of the Q-curves curves over these rational points are computed for the case N = 67. Next, for all values of N we determine which of the parametrized Q-curves have CM and, for all of them, we give the discriminant D of the order of its endomorphism ring. Moreover, if the j-invariant of the Q-curve lies in a quadratic field, it is given explicitly; otherwise, we provide the number field Q(j).
We recall that there is a finite number of discriminants D of orders of imaginary quadratic fields K such that Gal(H D /Q) is of the type (2, · · · , 2), where H D denotes the ring class field of the quadratic order of discriminant D. In fact, this condition is equivalent to say that the j-invariant of an elliptic curve with CM by the order of discriminant D generates a totally real number field. Moreover, |Gal(H D /K)| divides 16 (for more detail, see [Bue89] and CM-computations in the web-page https://mat-web.upc.edu/people/joan.carles.lario/). The results obtained when g * N = 2 show that almost these Q-curves have CM, which reinforces the conjecture that for a large enough N, the curve X * 0 (N) does not have rational points parametrizing Q-curves without CM.
Preliminary results
Let X be a genus two curve defined over a subfield K of the complex field C that is the normalization of the curve given by the affine equation
with a i ∈ K for all i ≤ 5. Let us denote by w the hyperelliptic involution. There are two points P 0 and P 1 = w(P 0 ) over the singularity at infinity, defined over K that are not Weierstrass points and both satisfy y x 3 2 (P i ) = 1. Denote by P 0 such a point satisfying y x 3 (P 0 ) = 1 and, thus, y x 3 (P 1 ) = −1. For an integer n ≥ 1, we consider the K-vector space
It is clear that dim L n = 1 for n ≤ 2 and, by the Riemann-Roch Theorem, we know that dim L n = n−1 when n > 2. We denote by div − f the polar part of div f , i.e. div f +. div − f ≥ 0.
Proposition 1. Keeping the above notation, the functions f 3 , f 4 , f 5 ∈ K(X) defined by
256 + x f 3 , f 5 = 128a 1 − 64a 3 a 4 − 64a 2 a 5 + 48a 2 4 a 5 + 48a 3 a 2 5 − 40a 4 a 3 5 + 7a 5 5
512 + x f 4 , vanish at w(P 0 ) and satisfy that div − f i = i P 0 for all i ∈ {3, 4, 5}. In particular, L 3 = 1, f 3 , L 4 = 1, f 3 , f 4 and L 5 = 1, f 3 , f 4 , f 5 .
Proof. Let g 3 ∈ L 3 be a non constant function. By adding a constant, if necessary, we can assume g 3 (w(P 0 )) = 0. We have that the function h = g 3 − (g 3 |w) satisfies h|w = −h and div − h = 3(P 0 ) + 3(w(P 0 )). Hence, h = A y for some non zero A ∈ K. Putting
Moreover, the functions f 3 + (f 3 |w) and f 3 · (f 3 |w) are invariant under the action of w and satisfy div − (f 3 + (f 3 |w)) = 3(P 0 ) + 3(w(P 0 )) and div − (f 3 · (f 3 |w)) ≤ 2(P 0 ) + 2(w(P 0 )) .
Therefore, f 3 + (f 3 |w) is a polynomial in x of degree 3 and f 3 · (f 3 |w) must be a polynomial in x of degree at most 2. Since
the polynomial P (X) 2 = (f 3 + (f 3 |w)) 2 is determined and, thus, P (x) is determined up to sign. Hence, f 3 must be 1/2(y ± P (x)). Since (y/x 3 )(P 0 ) = 1, we take the sign such that f 3 = 1/2(y + x 3 + · · · ).
The function xf 3 lies in L 4 and div − x f 3 = 4P 0 . There exists k ∈ K such that the function f 4 = x f 3 + k vanishes at w(P 0 ). By construction, f 4 − (f 4 |w) = x · y and f 4 + (f 4 |w) is a polynomial in x of degree 4. We can determine k by using that the function x 2 y 2 −(f 4 +(f 4 |w)) 2 is a polynomial in x of degree at most 3, because it is equal to the function −4((f 4 · (f 4 |w)).
Similarly, x f 4 ∈ L 5 \L 4 and there exists k ∈ K such that the function f 5 = x f 4 + k vanishes at w(P 0 ). Now, f 5 − (f 5 |w) = x 2 · y and f 5 + (f 5 |w) is a polynomial in x of degree 5. We determine k by using that x 4 y 2 − (f 5 + (f 5 |w)) 2 is a polynomial in x of degree at most 4.
Corollary 1. For an integer n ≥ 3 and function f ∈ L n , the function
Proof. For an integer n ≥ 3, let i ∈ {0, 1, 2} be such that n ≡ i (mod 3). The statement follows from the fact that the function h = f i+3 f
Remark 1. Note that if q is an analytic uniformizing parameter at P such that x = 1/q + · · · and y = 1/q 3 + · · · , then f i = 1/q i + · · · for i ∈ {3, 4, 5}.
3 Application to genus two curves X * 0 (N )
In [HH96] , it is proved that when N is square-free, X * 0 (N) is hyperelliptic if, and only if, it has genus two. There are 35 square-free integers N such that X * 0 (N) has genus two (cf. [Has97, Remark 1]). In all these cases, there is an only basis h 1 and h 2 of S 2 (Γ 0 (N)) B(N ) such that their q-expansions lie in Z[[q]] and are of the form h 1 (q) = q + n≥3 b n q n and h 2 (q) = q 2 + n≥3 c n q n . The functions on X * 0 (N) defined as follows
satisfy an equation of the form y 2 = x 6 + a 5 x 5 + a 4 x 4 + a 3 x 3 + a 2 x 2 + a 1 x + a 0 with a i ∈ Z for all i. Denoting by ∞ the infinity cusp and by ∞ ′ = w(∞), we have div − x = ∞ + ∞ ′ , div − y = 3∞ + 3∞ ′ and (y/x 3 )(∞) = 1.
Consider the symmetric functions obtained from the functions j(d z) for 1 ≤ d|N:
where m = 2 ω(N ) and ω(N) denotes the number of primes dividing N. We determine every function J i as a Q-linear combination of functions of the form f 5 f k 3 , f 4 f k 3 , f k 3 for k ≥ 0. Given a non-cuspidal Q ∈ X * 0 (N), the j-invariants of the Q-curves attached to this point are the roots of the polynomial in z:
We know that for a non trivial automorphism u of X * 0 (N), one has u(∞) = ∞ (cf. [BH03, Lemma 3.1]). Hence, for all these curves |X * 0 (N)(Q)\{∞}| ≥ 1 and for the bielliptic curves, i.e. for N ∈ {106, 122, 129, 158, 166, 215, 390} (cf. [BG19, Theorem 1]), we have that | Aut(X * 0 (N))| = 4 and, thus, |X * 0 (N)(Q)\{∞}| ≥ 3. Next, in Table 1 , we present the equations with the functions x and y obtained following the procedure mentioned above, together with the rational points with x-coordinate with height less than 10 4 .
Equations and rational points
N equation 
Determination of the rational points
In order to determine the rational points of the curves X * 0 (N) we will use the so-called elliptic Chabauty method, which uses a Chabauty procedure on a finite set of unramified 2-coverings of the curve.
Proposition 2. For the values N = 85, 93, 106, 115, 122, 129, 154, 158, 161, 165, 170, 186, 209, 215, 230, 285, 286, 357 and 390, the set of rational points of X * 0 (N)(Q) is the set given in Table 1 together with the two points at infinity.
Proof. The proposition is proved by using some computations in MAGMA [BP97] . A file with all the computations can be downloaded from the github account of the third author. We explain the main ideas in the computation, that can be done for any hyperelliptic curve X of genus g (g = 2 in our cases) given by an equation of the form
The computation is done in two steps: first one computes the finite set of twists C ξ of the unramified coverings of the curve X with Galois group ∼ = (Z/2Z) 2g which have points locally for any prime p; this is completely analogous to the 2 descent for elliptic curves, as described in [BS09] . Each twists C ξ is associated to an element ξ ∈ (Q[x]/f (x)) * (where the twist corresponding the points at infinity corresponds to ξ = 1). If some of the curves does not have rational points (apparently), one needs to show this by using either a Mordell-Weil sieve or a higher descent. For our curves this never happens, so we will not analyze this case further. Our aim now is the determination of the rational points in C ξ (Q). Now, the jacobian of any of this curves has quotients isomorphic to the Weil restriction of elliptic curves E ξ defined over some number fields K, and the rational points in C ξ (Q) give points in E ξ (K) whose image with respect to a given map ϕ ξ : E ξ → P 1 is in P 1 (Q); this is the necessary data for the elliptic Chabauty function, which computes the set of points in E ξ (K) verifying this condition if rank Z (E ξ (K)) < deg(K/Q). In practice, the fields K we need are the minimal field of definition of some fixed factorization f (x) = g(x)h(x) where g(x) has degree 4.
For example, if g = 2 and the polynomial f (x) is irreducible, we consider the field L 0 :
then the minimal field of definition of a factorization f (x) = g(x)h(x) where g(x) has degree 4 is a field of degree 15 over Q. In this case, the elliptic curves correspond to the jacobians of the curves H ξ : y 2 = ξg(x), and the map ϕ ξ : H ξ → P 1 is given by the x-coordinate. In this case the necessary Chabauty condition is rank Z (E ξ (K)) < 15, which is quite likely to be fulfilled; but right now the computation of the rank and a finite index subgroup of E(K) for K/Q of such degree is unfeasible. This situation is what happens in all the values of N which we were not able to determine the set of rational points (including all prime values of N).
The other extreme case is when there is a factorization f (x) = g(x)h(x) already defined over Q; in this case we need to compute the rational points of the curves y 2 = d ξ g(x) for some values d ξ ∈ Q * , which are only finite if the rank is zero (which is very unlikely to happen for all the necessary twists d ξ ).
The best cases are when one can find such a factorization over a field of degree ≤ 4 for any twists verifying the corresponding Chabauty condition. In some cases we used distinct fields for different twists, as we explain in the following example. Example. We explain in detail the case
We have 5 twists, corresponding to the x-coordinates of the rational points, except that the points with x = 1 already appear in the trivial twists corresponding to the points at infinity. If we consider the given factorization over Q, the corresponding elliptic curves for all the twists except the trivial one have rank 1. On the other hand the curve H given by the equation y 2 = x 4 − 2x 3 + 3x 2 − 6x + 5 has rank 0 and 4 points, corresponding to the points at infinity and the points with x = 1.
If we adjoint a root of x 2 − 2x + 5 we get a quadratic extension K 2 /Q. Over this extension we get also a factorization of x 4 − 2x 3 + 3x 2 − 6x + 5 = h 1 (x)h 2 (x) with deg(h i (x)) = 2 for i = 1, 2. So we can take f (x) = g(x)h 1 (x) for some g(x) of degree 4. The twists corresponding to the points with x-coordinate 3 2 and − 4 3 have rank 1, and Chabauty method succeeds. But the ones corresponding to the points with x-coordinate 0 and 2 have rank 2.
If we adjoint a root of x 4 − 2x 3 + 3x 2 − 6x + 5 we get a field K 4 where f (x) has 4 roots and a degree 2 factor. By considering the corresponding degree 4 polynomial as a product of two (adequate) degree one factors and the degree two factor we finally get that the remaining twist have jacobian of rank 1 and we find a non-torsion point in each case, and Chabauty computations succeeds.
There is one case were the approach described above did not succeed.
Example. In the case X * 0 (390) we had to do a slightly modified approach; in fact, we tried fields of degree 1 and 2 and the Chabauty condition was not fulfilled, and we had to go to a degree 8 extension, where the rank computation did not succeed.
Instead, we showed that all the rational points in X * 0 (390) : y 2 = (x 2 − x + 1)(x 4 + 5x 3 − 8x 2 + 5x + 1) came from the trivial twists over Q. This means that their x-coordinates verify that y 2 1 = x 2 − x + 1 and y 2 2 = x 4 + 5x 3 − 8x 2 + 5x + 1 for some y 1 , y 2 ∈ Q. The curve X ′ determined by these equations is an hyperelliptic curve of genus 3, whose hyperelliptic equation can be computed by parametrizing the first equation. We get the equation
Now we apply the above method to this new curve X ′ . The curve has (apparently) 12 rational points (two above each rational point of X * 0 (390), as it is an unramified 2-covering), with 6 possible values for the x-coordinates. We computed there are exactly 6 possible twists, one for each x-coordinate. Over K = Q( √ 5) the defining hyperelliptic polynomial factors as a product of two degree 4 polynomials. For every twists one of the two quotient elliptic curves of the corresponding covering has rank one, and the Chabauty computation succeeds.
An example and results
First, we show, for the case N = 67, the procedure used. The equation obtained in Table 1 is y 2 = x 6 − 4x 5 + 6x 4 − 6x 3 + 9x 2 − 14x + 9. Let j 67 (q) := j(q 67 ) = 1/q 67 + 744 + · · · and put J 1 = j + j 67 and J 2 = j · j 67 . With the notation of before section, we have
After computing, we obtain 
Hence, the j-invariants of the Q-curves attached to ∞ ′ are the solutions of the equation
Since (J 1 (∞ ′ ), J 2 (∞ ′ )) = (−65536, 1073741824), we get j = −32 3 , which corresponds to an elliptic curve with CM by the quadratic order of discriminant −11. The remaining rational non-cuspidal points provide Q-curves with CM:
Next, we show the results obtained.
4.1 N is a prime: Gal(Q(j)/Q) ֒→ Z/2Z. 
yes −232 (30(140989 ± 26163 √ 29)) 3 (0, 1)) yes −20 (2(25 ± 13 √ 5)) 3 (0, −1) yes −3, −12 0, 2 · 30 3 (1, 1) yes −8 20 3 (1, −1) yes −7, −28 −15 2 , 255 3 (−1/2, 7/8)
yes −3, −12 0, 2 · 30 3 (0, −1) yes −24 (12(9 ± 7 √ 2)) 3 (−1 ± √ 2) (2, 1)) yes −232 
